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Expansive Dynamics and
Hyperbolic Geometry

Rafael O. Ruggiero

Abstract. Let M be a compact Riemannian manifold with no conjugate points
such that its geodesic flow is expansive. Then we show that the universal Riemannian
covering of M is a hyperbolic geodesic space according to the definition of M. Gromoyv.
This allows us to extend a series of relevant geometric and topological properties of
negatively curved manifolds to M and in particular, geometric group theory applies
to the fundamental group of M.

0. Introduction

The divergence of geodesics in the universal covering of a Riemannian
manifold with no conjugate points is one of the indicators of the presence
of hyperbolic geometric and topological fenomena in the manifold. The
classical theory of manifolds with no conjugate points provides a lot of
information concerning the behavior of geodesics once we impose some
restrictions in the metric. The case of strictly negatively curved mani-
folds, in which every pair of different geodesics diverges at a exponential
rate, contrasts with the zero curvature case in which there exist a lot of
‘parallel’ geodesics. Busemann [3] shows that a torus without conjugate
points has the following property: given any homotopy class there exists
a foliation of the torus by closed geodesics belonging to that homotopy
class and all having the same period. In this example the topological
nature of the manifold determines the lack of expansivity of the geodesic
flow, and no convexity assumptions are needed to deduce this fact. Re-
call that the geodesic flow ¢;: TY M — T1 M is the one parameter family
of diffeomorphisms acting on the unit tangent bundle T/ M of a com-
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plete, C*° Riemannian manifold M as follows: ¢:(p,v) = (v(t),7' (%))
where «(t) is the geodesic of M such that v(0) = p, ¥'(0) = v. O
defines the expansivity as follows:

ne

Definition. Let : N — N be a continuous flow acting on a metric
space N. The flow ¢, is said to be expansive of constant ¢ > 0 if for
every £ € N we have the following property: given y € N if there
exists a non-decreasing surjective map h:R — R such that ~A(0) =0 and
d((x), wh(t) (y)) < € then there exists t(¢,y) € R such that ¢t(6’y)(z) =
Y.

In other words, two different orbits eventually become separated by
a distance of at least e. It is clearly one of the properties of geodesic
flows of compact manifolds with negative curvature. In this work we
are interested in obtaining geometric information of the manifold from
dynamical data of the geodesic flow. Busemann’s result suggests that if
the geodesic flow of a manifold is expansive then the manifold should be
‘closer’ to a negatively curved manifold than to a torus. In fact, we are
able to show that the expansivity condition implies that the universal
covering of the manifold ‘looks’ like the hyperbolic space. Let us define
the so-called Axiom of Visibility:

Definition. A complete, simply connected Riemannian manifold N with
no conjugate points (i.e., the exponential map is non-singular) satis-
fies the Aziom of Visibiity if for each p € N, a > 0 there exists
R = R(p,c) > 0 such that if a geodesic segment ~:[a,b] — N satis-
fies infyc[q ) d(p,v(t)) > R we have that the angle at p formed by the
geodesic segments joining p to y(a) and p to v(b) is less than a.

Such manifolds are called wvisibility manifolds. If the number R does
not depend on p then is said to be a wniform visibility manifold. It
is clear that flat manifolds are not visibility manifolds. On the other
hand, negatively curved manifolds are visibiliby manifolds and more
generally, if a compact manifold with no conjugate points is such that
its universal covering is a visibility manifold then every metric with no
conjugate points in the same manifold satisfies the same property [5]. In
particular every metric with no conjugate points of a compact surface
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EXPANSIVE DYNAMICS AND HYPERBOLIC GEOMETRY 141

of genus greater than one induces a visibility structure for its universal
covering. The theory of visibility manifolds is well developed in many
aspects, specially those concerning automorphic function theory [2], [5].
There exists also very interesting geometric characterizations of these
manifolds in terms of the asymptotic behavior of geodesics [5]. In the
non-positive curvature case they have a lot of rigidity and the topological
dynamics of the geodesic flow is — modulo the existence of flat strips —
very similar to hyperbolic dynamics [2]. The purpose of this work is to
show that:

Theorem A. Let (M, g) be a compact Riemannian manifold with no con-
jugate points. If the geodesic flow of M is expansive then Misa visibility
manifold.

Note that if the curvature of M in Theorem A is non-positive the
theorem holds since, on one hand, it is clear that if the geodesic flow is
expansive there cannot exists flat strips in the universal covering of M
and on the other hand Eberlein shows that [5]:

Proposition. A simply connected complete Riemannian manifold with
non-positive curvature is a visibility manifold if and only if there is no
complete isometric embedding of a flat half plane into the manifold.

In general, manifolds with no conjugate points have neither convex-
ity of the metric, nor relations between the angles of geodesic triangles
as one has in the non-positive curvature case. These last two prop-
erties of non-positive curvature metrics are crucial to the proof of the
above proposition. Nevertheless, we can show that the expansivity of
the geodesic flow implies that the universal covering of M endowed with
the induced metric is a quasi-convex metric space.

Definition. A complete metric space (X, d) is K,C-quasi-convez for two
given positive constants K and C if every two geodesic segments [a, 0],
le,d] in X satisfy the following property:

d(la, bl [e,d)) < K sup{d(a, c), d(b, d)} + C
where d([a, b], [c, d]) is the Hausdorff distance between [a, b] and [c, d].
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The metric d is also called quasi-convex. This is shown in section 1.
Then we prove the main result of the paper:

Theorem B. Let M be a compact manifold with no conjugate poits and
suppose that the universal covering Misa quasi-convexr metric space.
Then M is not a vistbility manifold if and only if for every L € N there
exist B > 0 and a pair of geodesics v, B: (—o0, 00) — M such that
i) dv(1), B(t) < E, Vi € R
ii) infrer{d(v(t),3)} > L, Vt € R
where d((t), B) is the distance from ~(t) to the geodesic (3.

So theorem A is straightforward from theorem B and the following
result of [11]:

Let M be a compact manifold with no conjugate points such that
its geodesic flow is expansive. Then if v, 3:(—o0,0) — M have the
property that

d(y(t),8(¢)) < D, VteR

then there exists g € R such that ~(¢t) = 5(t + tg), Vt € R.

Note that theorem B implies that the theorem of Eberlein mentioned
above is true for the universal covering of a compact manifold with no
focal points. This is a consequence of the fact that in the absence of focal
points bi-asymptotic geodesics at Hausdorff distance more than A > 0
bound a flat strip of width more than A as well as in non-positively
curved spaces [10]. The fact that the visibility axiom implies the non-
existence of pairs of geodesics satisfying the statement of theorem B is
not hard to deduce from the definition of the visibility property. The
proof of the reciprocal assertion is essencially the content of this paper.
The main point of the proof is that the lack of visibility implies the
existence of geodesic triangles in M of arbitrarilly large size satisfying
certain remarkable properties of triangles of R™. Roughly speaking, we
can find large geodesic triangles ‘bounding regions or arbitrarilly large
area’ and whose perimeters increase in a certain controlled way. This
statement, that will be made more precise in section 2, can be viewed
as a reflinement of the non-existence of an isoperimetric inequality for
triangles. The proof of Theorem B will be performed in the first three
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sections. Finally, in section 5 we show that visibility manifolds are hy-
perbolic geodesic spaces according to the definition of M. Gromov [8].
So the results of the geometric theory of groups — developed recently by
many authors and specially by Gromov [9] (see also [3], [8]) — can be
extended as well to manifolds with expansive geodesic flows. In particu-
lar, the divergence of geodesics in the universal covering is exponential,
and every two non-commuting elements of the fundamental group, up
to a finite power, generate a free group.

I am specially grateful to F. Hirszebruch to whom I due some of the
ideas of the proof of Theorem 1.1.

1. Expansivity and quasi-convexity

We begin by fixing some notations. From now on, M will be a com-
pact, boundaryless C'° Riemannian manifold, M will be its universal
Riemannian covering and 7 (M) its fundamental group. If p, ¢ € M
we shall denote by [p,q] the geodesic segment joining p to ¢. Given a
point z € M the angle at z subtended by two geodesic segments [z, p|
and [z, g] will be denoted by £, (p, q).

Definition 1.1. Given a complete, simply connected Riemmanian man-
ifold N with no conjugate points, and a unit geodesic y(t) C N (i.e.,
parametrized by arclength), a unit geodesic G(¢) is called an asymptote
of v or asymptotic to ~y if there exists C' > 0 such that

d(p(t),v() < C

for every t > 0. The geodesics 7, 3 are said to be asymptotic. The man-
ifold N satisfies the Aziom of Asymptoticity if for every unit geodesic
v(t) with v(0) = p, ¥(0) = v it holds the following property:

Let ¢ € N, let g, — q be a sequence of points in N, let (p,,v,) €
Ty, N be a sequence of unit vectors such that (p,,v,) — (p,v) and let
Y (t) be the unit geodesic of N such that ~,(0) = py, v,(0) = v,. Then,
for every sequence of numbers ¢, — +oo the sequence 3, of geodesics
joining ¢, with v, (f,) converges to an asymptote 3 of ~.

If B(t) is asymptotic to 7(t) and B(~t) = B(t) is asymptotic to
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~v(—t) = 7(t) then v, § are called bi-asymptotic. Simply connected man-
ifolds without focal points, and in particular those having non-positive
curvature, satisfy the Axiom of Asymptoticity. More generally we can
show (see [11], proof of Prop. 1.1, for instance):

Lemmal.1. If N is a complete, simply connected, quasi-convexr manifold
with no conjugate points then it satisfies the Axiom of Asymptoticity.

Definition 1.2. Let N be a complete simply connected manifold with
no conjugate points. We say that N satisfies the uniqueness condition
if the only bi-asymptote of each geodesic v C N is  itself.

Examples of such manifolds are the universal coverings of compact
manifolds of negative curvature. In [11] it is proved that:

Theorem 1.1. Let M be a compact manifold with no conjugate points.
The geodesic flow is expansive if and only if M satisfies the uniqueness
condition.

We shall write down the proof of this theorem for the sake of com-
pleteness. To begin with, we show

Lemma 1.2. Let o T1M — T1M be expansive. Then for every n > 0
there erists 6 = 6(n) > 0 with limy,_, 4., 6(n) = 0 such that for every pair
of geodesics vy, (3 in M satisfying

d(7(t), B(8)) <
d((s), B(s)) <

for some t < s then we have that

dy(r), B(r)) < é

I|=31

for every r € [t, 5].
Proof. Suppose that the statement does not hold. Then we get se-

quences ng — +00 of integers, tx, sk, ax of real numbers with ¢ < ai <
Sk Yk, Ok Of geodesics in M and a number a > 0 such that:

1) d((x), Be(tk)) < El,;
ii) d(ve(sk), Br(sk)) < i
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i) d(vk(ak), Brlak)) = a

for every k € N. Let € > 0 be the expansivity constant of . It is easy
to see that there exists p > 0, C > 0 such that in every open ball B,(0)
of radius p in T1 M we have that for every w = (p1,v1), T = (p2,v2)
belonging to B,(8) the following holds:

a(wﬂ—) < Csup{d(plap2)7 HPPLPQ(U:[) - UZ”’ prg,pl (UQ) - UlH} (*)

where d is the distance function associated to the canonical metric of
T1 M, and P, , is the parallel transport along the shortest geodesic of M
between ¢ and z. We can suppose without loss of generality that p <e.
Since the geodesic segment between two points in M is unique and it
depends continuously on its endpoints we can deduce from (i), (ii) and
(iii) above that for every D > 1 there is a sequence of geodesics 7 in
M and numbers bi € (tg, sx) satisfying

1) d(ve(te) mi(te)) < ’nl—k

i) d(ve(se), ne(sk)) < é
iii) d(yk(be), e (br)) = inf (2, §) = supre(q, o) {dOR(), 7(1)}-

Clearly, |t; — sg| — 400, [t — br| — +00, and |s; — bg| — +00. Let
My C M be a fundamental domain of M and let gx € 71 (M) be such
that gx(vk(bg)) € Mp, Vk. There exists convergent subsequences of pairs
of points (gk(7%(bk)): dgr(7;(0x)) and (gk(nk(br)), dgk(ny.(bk)) to points
(p,v) and (g, w) respectively. Now it is straightforward to check that
the geodesics v, (1), 7, (0) = p and v, (¢), 1 (0) = ¢ verify the following
properties:

i) d(3(0),7(0)) = inf (a, §) >0
i) d(v (), () < 5, vt €R.
Then it is clear from (*) that if D is big enough we shall get that

E(@t(pa ’U>) (;Ot(q; ’ZU)) <e

vt € R which contradicts the expansivity of the geodesic flow. O

Proof of Theorem 1.1. It is clear that if M satisfies the uniqueness con-
dition then the geodesic flow of M must be expansive for some constant
e > 0. So it remains to show the reciprocal statement. Suppose that
the geodesic flow of M is expansive and let € > 0 be the expansivity
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constant. Let «(t) be a geodesic of M and suppose that $(t) is another
geodesic in M such that

d(v(t), 81) < C

for every t € R. For every t > 0 let o4(s):[0,1] — J\//j,a_t(s): [0,1] — M
be the geodesic segments defined by
01(0) = 7(?), 0x(1) = B(t)
o-¢(0) = v(—1), 0¢(1) = B(~1).
From the hypotheses we have that the length of both g4(s) and o_(s)
is less than C for every t > 0. Let 7 s(p):[0,1] — M be the geodesic
segment joining o:(s) with o_;(s). From lemma 1.1 we get that there

exists 6 > 0 such that if d(v:,5(0),7:,a(0)) < and d(7:,5(1),Y2,6(1)) < 6
then

d(vt,5(p)s 1,a(p)) < €

for every p € [0,1]. Since the length of the segments o4(s) is uniformly
bounded above by C there exists m € N such that for every n € N there
are points s, 0 =0, 851,812, -+ , Sn,m = 1 in [0, 1] such that
d(an(sn,l)a Un(sn,i+1)) <6
d(0-n(8n,1),0-n(8ni+1)) < O

for every 1 < i < m — 1. This means that

d(’)/n,sn’i (p)v ’Yn,sn’i_i_l (P)) S €

for every p € [0,1], and in particular, every geodesic Vs (p) intersects
the ball of radius C + me with center at the point (0). Letting n go to
infinity we subsequences of the sequences Vnsy, g converging to geodesics
Y,k =0,1,2,... ,m satisfying

d(ve(t), Ye+1(t)) < €

for every t € R which implies that v; = Y5+ 1, Yk from the expansivity of
the geodesic flow. But since g = v and v, = 3, modulo reparametriza-
tion, we get that v = §. This finishes the proof of the theorem. O
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Corollary 1.1. Let M be a compact manifold with no conjugate points.
If M satisfies the uniqueness condition then it is a quasi-convex metric

space.

Proof. The geodesic flow of M is expansive with constant € > 0. Let
m € N be sufficiently large and let § = 6(m) the number defined in
lemma 1.2. Let [a, Y], [c, d] be two geodesic segments in M. Assume that
sup{d(a,c),d(b,d)} = d(a,c) and subdivide [a, ¢] in segments {z;, z;+1],
1=0,1,2,... ,n—1, where zg = a,z, = c,n = [[d(a,c)/;lr—z]] + 1 — where
[[2]} is the integer part of z € R —and d(x;, z;41) = d(%;_1,%;), Vi < n—1.
Obviously d{(z;_1,x;) < %, Yi. Take a partition of [b,d] by segments
(2, Zi+1], © = 0,1,...n — 1 such that 2g = b, 2z, = d and d(z,2;11) =
d(b,d)/n. Then we have that d(z;,z;+1) < d(a,¢)/n < d(z;,x41) < %,
Vi. Consider the geodesic segments [z;,%], ¢ = 0,1,...,n — 1 which
according to lemma 1.2 satisfy

d([zs, 23], i1, 2ig1]) S 6

for every 0 < ¢ < n — 1 which implies

d([a, ], [c,d]) < nd = ([[d(aw)/;;l;]] +1)6 < (md(a,c) +1)6

< mésup{d(a,c),db,d)}+ 6.
So taking K = md and C = § we get corollary 1.1. U

2. On non-hyperbolic triangles

The purpose of this section is to show that the lack of visibility deter-
mines some flat-like behavior in the geodesic triangles of the universal
covering. Remark that the hypotheses of the main theorem do not grant
the existence of any relationships between the angles in a geodesic trian-
gle of the type occurring in the non-positive curvature case. The main
result of this section is the following:

Theorem 2.1. Let M be a compact manifold with no conjugate points
such that M is a quasi-convex metric space. If M is not a vistbility
manifold then the following is true:

There exist constants B > 0, D > 0 such that for a given m € N
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there are sequences an, by, ¢n, dn of points in M such that
i) d(an,bp) — +00,d(bn,dn) — +00,d(cp,dpn) — +00,d(an,cn) = M
and infs,te[()’l]{d([an,bn](t), [en, dr)(s)} > m, Yn > mng, where
[an, bp]:[0,1] — ]\/Zf[cn, dp): [0,1] — M are parametrizations of the seg-
ment [an, bn] and [cp, d,].
ii) d(bn,dn) < Bd(an,bn) and d(cn,dn) < Bd(an, by)
i) d(lan, cnl, [bn, dn]) =inf; scf0,1] {d((an, cnl(®), [bn, dn](s))} > Dd(an, by)-
Let us comment briefly the statement of theorem 2.1. For every
m € N there exists a sequence of geodesic quadrilaterals having sides
of increasing lengths. The lengths of the sides depend at most linearly
on the length of one of them, on which we could think as the base of
the quadrilateral. This condition ressembles the law of cosines of tri-
angles in R™. Moreover, condition (i) says that the distances between
points in [ay, b,] and points in [c,,d,] is greater than m, and condi-
tion (iii) tells us that the distances between the points of [an,c,] and
[br, dy] is proportional to the distance between a, and b,,. This means
that the ‘area’ bounded by the quadrilateral T{a,,, b,, ¢n, d,) with sides
[@n; bnl, [bn; dnl, [dn, enl, [cn, an] goes to +o0 if n — +oo in a controlled
way.
We shall show some lemmas before proving the theorem. First recall
the following basic results concerning triangles in manifolds with no
conjugate points [5]:

Lemma 2.1. Given « > 0 and m € N there exists R > 0 such that if
d(an,by) > R, d(ap,cy) > R and 4£4([a,b],[a,c]) > a then we have

inf, d(la,b(®), o, (5) 2 m

where t and s are the arclength parameters of [a, b] and [a, ¢] with [a, b](0)
= [a,¢)(0) = a.
We shall need also the following definitions.

Definition 2.1. Let m > 0. A sequence of geodesic triangles A(ay, by, ¢,)
is m-fat with respect to {an, by] if there exists t,,(n) € [0, £[an, b,]] such
that:

i) Llan, bn] — tm(n) — 400 if n — +oo
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i) d([an,bn)(t), [an, cal) = m, Yt > ty(n).

Definition 2.2. Let D > 0. Consider a geodesic triangle A(aq, az, a3).
We say that [a;,a4],i # j is D-bounded with respect to [ak, @] if
la;, aj] < Dljag, Q).

Let us begin with the proof of the theorem. If M is not a visibility
manifold then there exist & > 0 and sequences py,, ¢, 7, of points in M
such that
a) d(pn,lqn, ™)) — +oc if n — o0
b) Lp,([Prs Gnl, PrsTn]) 2 @ >0

In other words, there are geodesic segments which are far from p,
and subtend at this point an angle greather than some strictly positive
constant. From lemma 2.1 it is clear that d(gn, ) — +00 with n — +o00.
We can assume without loss of generality that o < 5.

Claim. We can assume that either

e
‘{(In([qn:pn]a [QTLarn]) Z 5
and then d(pn, [qn, Tn]) = d(pn, ¢n) or
™
KTn([Tmpn]: [Qnarn]) 2 5

and d(pn, [Gn, Tn]) = d(Pn, Tn)-
This is because either there exists z, € (gn,7n) — the interior of
[gn, ] — such that

d(pm Gn,Tn]) = d(pm Zn)

and then from the first variation formula we get that
T s
Lon([Pn> 2n], [an, Zn]) = PY Lo ([2n, Pnl; (20, Tn]) = 57

(and either &y, ([P, Gnl; [Pny 2a]) > § o Lpp([Pn, Tnls [Pns 2a]) = 5), or
the minimum distance from p,, to [y, ] is one of the endpoints of this
geodesic segment, ¢, for instance. In this case, again from the first
variation formula we deduce that

o | 3

AQn ([Qm pn]7 [QTL: Tn]) Pl
So let us start with sequences py,, ¢n, Tn € M such that
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3‘) d(pn, [Qn,rn]) = d(pnaqn) zn

b) 4pn(Lpn’Qn]a [Pr,Tn]) >
for some constant a > 0, for every n € N. Let h,, € [p,, 7] be defined by

d(Pns hpn) = d(Pn, qn). Observe that lemma 2.1 implies that d(h,, ¢,) —
+o0 if n — 400.

Lemma 2.2. For the sequence of triangles A(py, qn, ) we have the fol-
lowing possibilities:

1. FEither there exist M > 0, P > 0 and a subsequence ny — +00 such
that for every k € N there exists x, € [hnk,rnk] satisfying
i) d(zy, hnk) < Pd(hnka an)
ii) d(zk, [Tnk7an]) <M

In this case there exists B > 0 such that for every L > 0 we get
k(L) > 0 such that the sequence A(pny,qn,,Tk) s L-fat with respect to
[pnk,an], Yk > k(L), and [an,mk] is B-bounded by [Pry» @ny -

2. Or, for every M € N there exists n(M) € N such that for every
n > n(M) the sequence of triangles A({ry, hn,qn) is M-fat with respect
t0 [T, hn) and [ha, gn) is 57 -bounded by [rp, hn).

Proof. Parametrize [r,, h,]:[0,€[rn, hn]] — M by arclength, with
[Pn, hn)](0) = rp, and decompose

kn
[rn, bl = J [Pns Bal (), [ Bl (E541)]

7=0
in ky, intervals of length < {{hy, ¢,], i.e., tg =0, tg, = £[hn,qn] and
i) d([hm"'n](tj)’ [hm Tn](tj—l-l)) = Z[hm Gnl, Vi=0,1,... ,kp_2
ii) d([hn,Tn) (tkn_l), [hn, ol (tkn)) < L[, gn)
For m € N define t,,(m) = sup{t € [0, £[ry, hnl], d([Tn, hn](5), [T, qn] <
Km+C, Vs < t}, where K > 0 is the quasi-convexity constant. Remark
that

d([rn, hnl(8), [Tn) gn]) 2 m

Yt > t,(m), for otherwise, if there exists s > t,(m) with
d({hn, rnl(t); [gn, n]) <m
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we would get by the quasi-convexity
d([rn, hn)(t), [Tn, ¢nl) < Km + C

for every ¢ < s contradicting the choice of ¢t,(m). Let

tn(m) € [[n; Tn](tin), [hn; Trl(tin+1)] = [indlhn, gnl, (in + Dé{hn, gnl].

Then either

a) There exist a constant £ > 0 and a subsequence n; — +oo such that
kn] — zn <FE

b) For every E € N there exists n(E) € N such that k, — i, > E,
VYn > n(E). In particular,

L[hn, qn) < I, qn) < 1
E[hnarn] —tp(m) — (kn ~ (tn + 1))£[thn} T E-1

Case (b) is just statement (2) of lemma 2.1, i.e., the sequence of
triangles A(rp, hn, ¢n) is m-fat and [h,,, ¢,] is ﬁ - bounded with respect
t0 [T, hn), Yn > n(m). If (a) holds we deduce

Claim. Given L > 0 there exist j(L) > 0 and B > 0 such that the

sequence of triangles A(pnj,qnj, an) = [rn] s hn ]](tm] )) is L-fat with re-
spect to [pnj,qnj] for every 7 > j(L) and [gn. ,cn]] is B-bounded by
[pnj:an]; vn > 0.

Let us first, for simplicity, denote r; = rnj,h~ = Ay, njsCj = Cny- To
show the claim let g; € [ry, g;] be such that d([r;, h](t; ) g;) < Km. By

the quasi-convexity we get

d(lg5, @5l [g5 [, byl () < K’m
4
d(py, gy, [rs, k3l (t:))) = d(py, [ry, 5]) — K?m
> (1= 0)d(p;, [rj: a;1)
for a certain § > 0 small and j suitably big. We have also that
T

KQj([pja Qj]a [Qj7 [Tj, h]](t )J) Z 5 Yy
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where v; — 0, which follows from () and lemma 2.1. On the other hand
d(ij [Tj7 h’j}(tij)) < d(‘]japj) + d(pja [Tj7 hj](tij))

< d(py; 4j) + E4(hj, g5)

< d(pj,q;) + 2Ed(p;, q;)

< (1+2E)d(p;, q5)
which shows that [g;,¢; = [rj, hj](tij)] is (1 4+ 2F) — bounded by [p;, g;].
Finally, since

‘Cpn([pm Qn]a [P, [Tns hn](tin)]) Z o

we can apply lemma 2.1 in this case, from which we deduce that for
every L > 0 there exist R(L) > 0, j(L) > 0 such that if j > j(L) we
must have that d([p;, g;](t), [p;. ¢;]) = L, Vt > R(L), where [pj, g;](t) is an
arclength parametrization of [p;, ¢;] with [p;, ¢;](0) = p;. And since R(L)
does not depend on j we have that {[p;,q;] — R(L) — +o0 if j — +00
which completes the proof of the fact that the sequence A(p;,g;,c;) is
L-fat for every L > 0 and j big enough. O
Proof of Theorem 2.1. Assume that M is not a visibility manifold. We
are going to exibit a sequence of quadrilaterals O(ay,, by, ¢y, dy) satisfying
the conditions in the statement of the theorem. Consider the sequence
of triangles A(pn,gn, ) defined above. Let h,, € [p,,r,] be as before
the point such that d(hn,pn) = d(pn,qn). According to lemma 2.2 we
have two feasible behaviors for subsequences of A(pn, gn,Tn)-

Case 1. There exist M > 0, P > 0 and a subsequence np — +oo such
that for every k € N there exists xj € [hn, , s, ] satistying
i) d(zk, hnk) < Pd(hnk7an)
ii) d(zk, [Tnk7an]) <M

Consider the triangles A(pn, , gn, , k). From lemma 2.2 we also know
that for every L > 0 there exists R(L) > 0, k(L) > 0 such that Vk > k(L)
we have
i) d([Pry oy |(8)s [Py s o)) = L+ 1, V2 > R(L)
ii) g[anyxk] < De[pnky an1

Let

80 = il’lf{S S f[pnk, an]; d([pnka an](s)y [pnk7ka Z L}
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Let P, = [Pny,, dn,J(50) and let Ty € [pny, zi] be such that d(p, ,Tx) =
L. We claim that the sequence of quadrilaterals O(ar = ;T)nk,b;c =
Gny s Ck = Tk, dr = Ty) with sides
@nkv an]’ [ana Ik]: {ﬂ:k, Tk]: [leﬁnk]
satisfies the statement of theorem 2.1. Indeed, from (i) above we have
that E[pnk,ﬁnk] < R(L) which implies that
{[pn,: Pr, ] _ R
E[pnka an] - nk:
and E[ﬁnk,an] ~» +00 when £ — 400, by the choice of the sequence

— 0

DPny Qn, Tn. Let In, € [rnk,an] such that d(z:k,fjnk) < M. By the quasi-
convexity we get that

E(hﬁw@n,g}’ [anﬁnk]) < KM+ C

!
d(p”lkd [‘Tlm an]) Z d(pnk7 [an?an]) - KM - O

Z d(pnk7an) - KM - C
> (11— 6)d(pnk> an)

where ¢ is as close to zero as we wish and k& > k() big enough. Since

d(Pny, [P, Th)) < R(L) + M

)

we obtain

: slerfg 1 {d {pnk?afk](t)’ {an7$k](5))} Z d(pnka [ana IkD - E(pnka [ﬁnk) zk])

> (1~ 8)d(pn, , 4ny) — R(L) = M

(1~ 8)d(Pn, , dn,)

(1~ 8)d(Bp,  Gn)

for 6 close to zero and k > k(§) suitably large. This, together with the
assumptions on the sequence py, g, ™, clearly imply statements (i) and

v
[

~6
)

v

(iii) of Theorem 2.1. To show statement (ii) of theorem 2.1 we must
show that the lengths of the sides of the quadrilateral D(p‘nk, Gny > Tk Tk)
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are D-bounded by the length of [ﬁnk,an] for some constant D). By
lemma 2.2 we already had that

Llgny > k] < Dlpny s gny ]
< D{[pn, » Gy, ) + LD, » Py ])
£lPpy s Py
iz an]>

R(L) )
E[—ﬁnk, an]

S Dﬁ[ﬁnk7 an] (1 +
< 2DU[p,, , ]

if k£ is large enough. On the other hand, since E[ﬁnk,wk] = M and
E[ﬁnk, gn, | — 400 with k we clearly have for k large that

E[ﬁnk 3 .'Ek] S E[ﬁnka an]
Finally, we can estimate the length of [Ty, zx] as follows:

Tk, k] < M+ d(By, s Gny) + A(dny,» Tk)
<M+ d@nk7 an) + Dd(]_Jnk, an)
< (D +2)d(Pn, > Iny,)

for k big. This concludes the proof of the claim.
So it remains to analize.

Case 2. Here we have from lemma 2.2 that for every m € N there
exists n,, € N such that for every n > n,, the sequence of triangles
A(Ty, by, @n) is m-fat with respect to {ry,, hy] and [hy,, gn] is m—l_—l—bounded
by [rn,hn]. From lemma 2.2 we can take £(nm) € [Tnpm, Pngml, Y(0m) €
[Trm s nym] Such that
1) dy(mm), [ram, Im]) = d(@(m), Y(nm)) =
2) d([Tnms Prml (@), [Pams @om]) = m, VE € [0 s £, > Py 1]

with [Fnp, Anm](t) € [Y(nm), Png]-
3) Ul s Gnm] = +00 and Llhupm, Gnn] < i bl (), b

We claim that the sequence of quadrilaterals O(a,, = z(ny), by =
homs ¢m = YMm)y dm = Qn,) With sides [z(nm), ], [Pnms Gums

m
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[@nm> Y(m)], [Y(m), ©(nm)] satisfies Theorem 2.1. First notice that since
A, [Trm s Gnm]) 2= ™ = L2(Nm), y(nm)]
for every z € [z(nm), bn,,] we have that
Uy s Gnm] Z L2 (m), Y ()]
so from (3) above we get
Lz(nm), y(nm)] <
This implies that
A (nm), dnm) < LYMm), ()] + £z (), Ang] + LR, » Gn]
2 lf[z(nm), Py ] + €1z (M) s Py, |

<

IA

2
g 1)¢ m /s 'nm,
(2 + 1)) B
which clearly implies theorem 2.1 (ii). On the other hand

d(x(nm)a [h’nm, QHmD Z E[m(nm), hnm] - g[hnmv qnm]
1

m—1

> E[w(nm)7 hnm] - E[x(nm), hnm}

1
-1

> (1 Mz (nm), Py

=\ m
!
d([z(nm), Y(m)], [Anms Gam]) 2 Az (m), (hnms @) — d(@(m), y(nm))

> (1= ) 00a(0m), ] — A (), ()

m—1
where we recall that d([z(nm), Y(nm)], [Anm s @) i the infimum of the
distances between the points of [z(nn), ¥y(nm)] and [hn,,, oy, From
this we deduce theorem 2.1 (i) and (iii) and we finish the proof of the
theorem. O

3. Preparation lemmas
As in the previous section, if S, T are subsets of M then d(8,T) will be
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the Hausdorff distance between them.

Lemma 3.1. Let M be a compact manifold with no conjugate points such
that M is a K, C-quasi-convexr manifold. Suppose we have constants dq,
do > 0 and a sequence of geodesics segments [Tn,Ynl, [2n, Pn] such that
1) d(®n, 2n) < d1,d(Yn,pn) < di, Vn

ii) There exists ay € [Tn,Yn) such that

inf{d(amxn)vd(amyn)} — 400, if n— +oo,

and
d(an, [2n, Pn]) 2 do

for every n € N. Then there exists a pair of geodesics vy, T in M

such that d(y,7) < Kdy + C and d(y(0),7) > da.
Proof. Condition (ii) in the statement of the lemma clearly implies
that limp— 4 o £Zn, Yn] = +00, and then by condition (i) we get lim,, 4o
L[ 2n, pr] = +00, limp 4 o0 £n, 2n] = +00, limy 400 £[Qn, Pn] = +00. Fix
a fundamental domain My of M in M and let ©@n be a sequence of
covering maps such that ¥, () € My, Vn. Also, by the quasi-convexity
of the metric we have that

d({xnaynL [Zn, Pn)) < Kd + C

for every n. Consider the geodesic segments ¥ [Tn, Yn) = [Un(@n), Yn(yn)]
and ¥n[2n, Pn] = [Un(zn), Yn(pn)]. Let [z, yn)(t) be an arclength parame-
trization of [zp,yn] such that [z,, y,](0) = apn and [Tn, Yu)(—fzn, ar)) =
Iy Since the maps v, are isometries we have
a) d([Yn(@n), Yn(yn)], [n(zn), ¥n(pn)]) < Kdy + C, Vn
b) Yn(an) = Yn([Zn, Yal(0)) € Mo, Vn and

inf{d(wn(an)a U (Tn))s A(Ynan), Yn(yn)), d(Wnlom), Yn(pn)),

d(wn(an)vwn(pn))} — +00

d(n(an); [n(zn), Yu(pn)l) 2 d2 -

So by taking convergent subsequences [¥n(Tn), ¥n(¥n)] — 7,
[Wn(zn), Yn(pn)] — 7T we get two geodesics 7:(—o0,+00) — M,
T:(~00,+00) — M satisfying d(y,7) < Kd; + C and d(y(0),7) > d2
thus proving lemma 3.1. O
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Let us recall the conclusions of theorem 2.1. Let M be a quasi-convex
manifold without conjugate points. If M is not a visibility manifold then
there exist constants B > 0, D > 0 such that for a given m € N there
are sequences an, by, ¢, d,, of points in M such that

1) d(an,bp) — +00,d(by,dn) — +o0,d(cp,dy) — +00,d(an,cy) = m
and

inf {d([an, bn](t), [cn,dn])} = m, ¥n > ng,
te[0,1]

where [an, bp]: [0,1] — Misa parametrization of the segment [a,, by].
ii) d(bp,dn) < Bd(an,by) and d(cp, d,) < Bd(an, by)
iif) inft,se[O,l]{d([ana cnl(t); [bn, dn](s))} > Dd(an, by).

In other words, for every fixed m € N we obtain a sequence of quadri-
laterals O(an, bn, ¢n, dn) having sides [an, by], [bn, dn], [dn, ¢nl, [Cn, an] such
that the lengths of all sides go to +oo with n in a controlled way,
their ‘widths’ are comparable to fa,,b,] and their ‘hights’ with re-
spect to [an,by] are m. Let us say that z,y € [p,q] satisfy z < y if
d(p,z) < d(p,y). Define the points y,; € [cn,dn] by

Yni = sup{® € [cpn, dp]\d(t, [an, bn]) < mP, Vi < z,t € [Cn, dn]}

Notice that by the construction of the point ¢, we deduce that
Ynl = Cn, Vi € N. We shall state some properties of the points yp;
in the following lemma.

Lemma 3.2,
1) d(ynh [an, bn]) =m/
i) d(Ynis Ynit1) = mi(m —1)
iii) For every & € [Yni, Ynit1) we have
d(z, [an, bs]) > %(mi - C)
iv) Let i(n) be the number of points yn; in the segment [c,,d,]. Then
there exists a constant L > 0 independent of n such that

i(n) < Llog(f[an, by))

Proof. Assertion (i) follows easily from the very definition of the y,;’s.
To show assertion (ii) notice that d(yn;v1, [an, bn]) = m*T1 so the length
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of every path from y,;+1 to [an, by] must be greater or equal than mitlL,
Let ¢n; € [an, by] be such that d(yn;, gni) = m. This last remark implies
that the path formed by [yni, Yni+1] U [Uni, gni] has length > mit1. But
this means that

dWYnis Ynig1) = ML — Uiy gni) > M — m? = mim — 1)

which proves (ii). For the proof of (iii) we use the K, C-quasi-convexity.
Indeed, if z > yyn; let z € [an,by] be defined by d(zx, 2) = d(z, [an, by)).
Then we have that

m* = d(Yni, [an, ba]) < d(yni,z) < Kd(z,2) +C

and this is just assertion (iii). To show (iv) let i(n) be the number
of points yn;’s in [an,by). By the quasi-convexity and Theorem 2.1 we
deduce that

M = d(Ypinys [an, bal) < Kd(bn, dn) + C < KB(an, bn) +C

where B is the constant defined in Theorem 2.1. So we get

i(n) <
()—]ogm

(log K + log B + log {(an, by))
and since m is fixed and £(a,, b,) goes to +oo assertion (iv) follows. O
Recall as before that the points ¢n; € [an,bn] are defined by
AYnis [an, b)) = d(Yns, @ni)- The points gn; may not be uniquely de-
fined, nevertheless our reasoning is independent of this fact. From now
on we just associate to each i one and only one ¢,;. Remark that once
gni and ¢n; are interior points of [an,b,] then g = gy  if and only if
¢ = j. This is because in this case both points are perpendicular to

{G’TLJ bn]
Lemma 3.3. Let m > 2C, and suppose that there ezists a subsequence
ng — 400 such that for every s there is a 1 < i5 < i(ns) satisfying

lim d(yi.sﬂ [a’nsi b’ns])

={)
s—too  d(Qis, Gis+1)

Then there exists a pair v, B of geodesics in M such that

dv,8) < Km?>+C
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and d(v(0),5) = 3%-

Proof. If there exists an infinite subsequence s, — +oo such that
isp = 1, Vp € N then we can apply lemma 3.1 to the sequence of pairs
[an, @n2] = [qn1; @n2l; [n, Yn2] = [Yn1, Yn2] with d; = K'm+C and dy = m.
Indeed, in this case we would have that d(a,,c,) = m, d(y,2,q,2) = m,
d([an, @n2], [cny Yn2]) = m by Theorem 2.1, and by the hypotheses of the
lemma we would also get that £[an, 2] — +00, £]cn, Yna] — +00. So let
us assume that i; > 2 for s > s sufficiently big. For a given ¢ < i(n) let
Pj € [Yni+1, Gnit1] be defined by p1 = yn;+1 and d(pj, pj+1) = m?, where
1<j <mi 1 Let Zj € [Yni, Gni] be defined by x1 = yps, d(zj, 7;41) = m.
So the number of points z;’s is E(Z"—”in’b&‘i)— = %1 = m*~! which is the same

number of p;’s. By the quasi-convexity we have that
d([z5, p;], [£541, pj41]) < Km? + C

for every j. Let 21 € [Yni; Uni+1] = [®1,p1] be the point whose distance
t0 Ynit1 18 58 (Yns; Yni+1), and define z;41 € [zj41,p;41] by

d(zj, 2j41) = d(25,[Tj41,Pj+1))-

mi=1_1
In that way we get a path ' = | [z, zj41] from 21 € [yni, Yniy1] tO
j=1
z i1 € [an,bn]. It is clear that

m

) < (=1 = (K + ) < (s — ) (K ©)

since £[Yni, gni] = me.

Claim. The distance from every point z € T to either [yn;,gni] or
[Yni+1, Gni+1] goes to infinity with s if ¢ = .
In fact, from the last inequality we obtain that

£(T) < (E[ym‘, Qnil —m
LGnis Gni+1) ~ \ £lgni, Gnit1]

)(Km-l—C)

for m > 1, so if i = i, the left side of the inequality goes to zero if s goes
to +00 by the hypotheses of the lemma. So for every z € [yn;, qni] We
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get that
d(fE,F) > d(ynia Zl) - K(F) - f[ym», qm]
1
> Eg[ym'aym'—i-l] — L) — LYni, Gnil
1
> E(e[qm', Tni+1) — UYnis i) — LYni+1, Gnit1]) — €T — LYnis @nil
N
d(m: F) > l (1 _ QE[yn'H-la Qm‘—H]) _
Uqnis qui+1] — 2 qnis Gni+1]
E(F) _ E[ym': qm]

Elgnis Gni+1]  £lgnis Gniti]
where, by the hypotheses, if i = i all the terms in the right hand side of
the inequality which are divided by £[gni, Gni+1] g0 to zero if s — +o0.
Therefore, given § > 0 there exists sy such that Vs > sy we have

.d(ra [y'ni37 ans]) Z (E[ansa ans—i-l] - 6) .

[ SR

Analogously we deduce that there exists s such that Vs > 57 we get
1
AT, [Ynis+1s Gnis+11) = E(e[q’nisa Qnis+1] — 0)
These last two relations imply the claim.
To conclude the proof of the lemma, remark that from lemma 3.2

(iii) we must have

mis~1_1
1 .
(r)= Y 7] 2 (21, [ang, bng)) 2 7o(m™ ~ O)
J=1

since z1 € [Ynis» Ynig+1)- Thus, there exists jp = jg(s) < m~1 such that

I S5 1 ms—C\ m 1—C/m's S m

0, 2io+1] 2 o \ 17 ) = B\ 1T 1/mis=1 | = 2K
since m > 2C and i; > 1. Joining the claim and the last inequality we
conclude that the sequence of pairs of geodesic segments [:Ejo(n), pjo(n)],

[, (n) 41> Pjg(m)+1] satisfies the hypotheses of lemma 3.1 with dy = Km?+
C and dy = 5% from which follows lemma 3.3. O
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Corollary 3.1. Let m > 2C. Assume that there ezist & > 0 and a
sequence nj — +oo such that for every j € N there exists 0 < i; < n;

satisfying
K[an Y ]
; 3
1) E[anj bnj] za, VjeN
Uy 5000 5] £bn.,dn]
ii) Either lim;j_ 1o W =0 or limj_ie W =0
77 3G

Then there exists a pair of geodesics y: (—oo, 00) — J\/Z, 0: (—o0, 0)—
M such that d(v, 8) < Km? + C and d(+(0), 8) > .
Proof. We shall check that the hypotheses of Corollary 3.1 imply the
assumptions of either lemma 3.1 or lemma 3.3. Again, if there exist
L > 0 and a subsequence j, — +00 such that ij, < L, Vp € N we can
apply lemma 3.1 to the sequence of pairs [an  Gn; L] len jo? Y, 1] with

di = Km" + C and dy = m. So suppose that ij goes to mﬁnity with j.
Observe first that from lemma 3.2 (iv) we have that

K(mz(n) C) S g[bn;dn} S mi(’n)+1

4
1 C b, dn]

S < <m

K i) = piln)

We also have that

g[ynia%u'] . m s
. - =m
g[ynsa Qns] ms
and
LlYnss Qnil . m* mz(n) mi_i(n)

Ubnydn] — Lbp,dn]  Llbp, dn)
)~ (L _ —i(n))
<m (K Cm
< Am-(i0)=3)

for every ¢ < i(n), where A > 1 is some constant depending on m, C
and K. So we get that

~

i(n

gym,an in—i 1 _ m
Z b, ] AZm <Anl-)l=4

=
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and similarly

gmam —3
Z[y Qi Zm < —

7 £lYns) Gns] ~

for every s < i(n). To simplify the notation let us define y,,(;(z)11) = d
and Gp(i(n)+1) = bn. So in the remaining of this proof we consider
1<i; <nj+1.

Claim. Given p € N there exist j(p) € Nand 1 <y, < i5(p) such that

K[Qnupy qn(up-i—l)] >
1 [ynup; Qnup] -

Indeed, otherwise there would exist constants E > 0 and jg > 0 such
that for every 7 > 7o
Clanjis On;(i+1)]
g[ynjia ani]
for every 1 < i < 1;. Notice that in general we have that

i-1
d(an, q'n_z < Z ‘e Qn.5‘1 qn(s+1)]

s=1
because the points ¢,; may not be well-ordered in [an, by], i.e., it may
exists ¢ such that gn; > ¢n;41. Nevertheless this implies that

i,—1 i:—1
J J

d(anj,anij) < Z g[qnjiaqnj(i+l)] <E Z e[yn i Qn; il
=1 i=1

m
<EkE Amg[ynjija anij]

¥
E[anj,ynjij] - m—1 K[an‘,yn.i,]

E[ynz,anM[ana n]

m

<EA = lan,,

< m—1 g[anj,bnj] ﬁ[an7 ”J] [n Ynji ]

T aim—1) E[anj,bnj]
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if j — +00, where in the last two steps we used the hypotheses in the
statement. But this leads to a contradiction since

d(anjvynjij) < d(anj’ anz‘j) + d(ynjij; anij)
Y
E[anj: anij] {— E[ynjij,anij] S 1
g[anjaynjij} - g[anjaynjij} 2
for j big enough since
e[ynjij; anij] _ E[ynjijy anij] E[an]w bnj] E[ynjij> anij]

1
E[anj’ynjij] B E[anj?bnj] E[anj,ynjij] S a E[anjabnj]

which goes to zero if j goes to infinity by hypotheses. This finishes the
proof of the claim.
To conclude the proof of corollary 3.1 just notice that the claim
implies that
Ynup Gnup) <1

Z[Qm/pa Qn(up+1)] N p

as p increases. But this allows us to apply lemma 3.3 to the subsequence
Tip = Tj(p) with1<i=1, < ij(p) as the appropriate i < i(np) satisfying
the hypotheses of lemma 3.3. O

4. The proof of the main theorem
Actually, the preparation lemmas of the last section provide a proof of
a particular case of Theorem B. Indeed, the statement of corollary 3.1
says that if £[b,, d,] is very small compared with ¢[ay, b,] then Theorem
B holds. So let us assume throughout this section that there exists 3 > 0
such that

£lbr, dy] >3

llan, by)
for every n € N. Let K > 0, C > 0 be as before the quasi-convexity
constants of themetric in M and fix m > 2C. Let D > 0 be the constant

defined in Theorem 2.1, i.e.,

d([an, cnl, [bn, dn]) = DE{an, by]
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for every n, where recall that d(S,T) is the infimum of the distances from
points in S to points in T'. Define z,, € [cp, dp] by d(2p, cp) = %Dﬁ[an, bp].
Let i(2y) be defined by

Zn € [ym(Zn)ayn(i(zn)-i-l)]

where yp,; comes from the last section, i.e., Yn; € [cp, dn] is the supremum
of the points ¢ € [cp, dn] such that d(z, [an, bs]) < M7, V2 € [cp, t.

Lemma4.1. Suppose that there exists a subsequence ns — +0o such that
Js = i{ng) — t(2ng) — +00 if 8 = +00. Then Theorem B holds.

Proof. In this case we have

AU (i(omg 1) s Brs]) = AWng(i(ang)+1)s Tns(iong)41) = MV H

_ mi(ns)—js“‘l
B mi(ns) B E[ynsi(ns)aqnsi(ns)]
T omgs—1 T mis—1

< Kg[bns) d’ﬂs] + C

=~ Ws_l

- KBlla,,, by +C

< oy )

where B is the constant defined in Theorem 2.1. This implies that

UYng (i(an)+1)> T (i(zng )+ 1)
ki 3 8 Ng — 1
oo Cang, O] 0 (i)
On the other hand
UWYns(i(zng)+1) Ons] 1
: L > — £ nss tn
E[aﬂns , bns] p g{ans , bns] (E[ZTLS7 Cns] [a’ 83 & S]) (11)
> Uy cng = m) = 2
- g[anw bns] .Zns7cns ) - 4

for s suitably big. Therefore, the number « = % and the subsequences
Ng, is = i(2n,) satisfy the hypotheses of corollary 3.1, from which we
conclude that Theorem B holds in this case. 0

End of proof of Theorem B. According to lemma 4.1 we can assume
that there exists w > 0 such that

Jn =1(n) = i(zn) Sw
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for every n € N. Let p; € [bs,dn], j =0,1,... ,7, be defined by pg = dy,
Pr, = bp and
d(pj, pj+1) = m

for every j < r, — 1 and d(Pp,_1,Prn) = Llbn, dn]/m) — [[€[by, dn]/m]],
where [[a]] is the integer part of a € R. Clearly r, is either [[¢[b,, d,]/m]]
or [[{[bn, dp])/m]]+1 and the number of intervals [p;, pj4+1] is 7. Consider
the geodesic segments [a,, p;] for n fixed and j =0,1,...7,. By the K,
C' quasi-convexity we have that d([an,pn], [an,pj+1]) < Km + C, Vj.
Now for a given N € N let

A{(N) = {@ € [an, p\d(®, [an, Pi41]) > 7}

Then two possibilities may occur:

1. There exists Ny > 0 and a subsequence m, — +oo such that
there is some 0 < j,. < j(n,) satisfying the following property: there
exists a point z € A; (Np) such that lim,_, 4o d(z,an,) = +oo and
limy_ 4o d(z, pj.) = +00.
In this case we can apply lemma 3.1 to the sequence of pairs [an,., p;,],
m

[an,, Pjr+1], with constants dj = Km + C and dp = Ng 50 Theorem B
holds.

2. There is no such Ny. Or in other words, for every IV € N there exist
H = H(N) and ny > 0 such that for every n > ny we have that every
point z € A;(N) is at distance at most H from either a, or p; for every
0 <j <7(n). Under this condition the following holds:

Claim. There exists N depending on m, D such that for every N > N
there exists n(N) such that for every n > n(N) there is a continuous
path T from z, to [a,, b,] whose length satisfies
1) < L
by, dn] = N

where L > 0 is some constant depending on m, B and 3. Here B > 0 is

the constant defined in Theorem 2.1.
For the proof of this statement consider the sequence of points
T; € lan,p;] defined by zg = z,, z;41 a point in [ay,p;j4+1] such that
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d(z;, [an, pj+1]) = d(xj, T;41). Since every point of Ag(NV) is at distance
at most H from either a, or pg = d, and f|a,,b,] — +00 with n, we
have that d(zn, [an,p1]) = d(zg,z1) < % In this way we construct a

path
bn

r= =41
=0

beginning at zg = 2z, such that {[z;,z;11] < 5, Y0 < j < by, where
bn, < r(n). We affirm that b, = r(n). To see this remark that

bn bn
E(F) =/ (U [xjaxj-}-l]) = Z €[$j,$j+1] < bn

=0 =0

<r(n)

=E
2|3

On the other hand, since
r(n) < [[f[bn, dn)/m]] + 1 < £lby,dn]/m + 1 < Bllan, by)/m +1

this implies that

or) < %—(Bz any bu] /0 + 1)
g
449 m m
< — < —_
T b = NB+6n < 2BN

for n sufficiently large. But this implies that
d(T, [an, cnl) > d(cn, 25) — d(an, cp) — 4(T)

> gé[an, bn] — m — 2B~ llan, bn]

N
D 2Bm m )
> g[arubn] (_é— - N B g[arnbn])
2 28[ n bn]
4

for N > 7 and n suitably large. Also we have

d(T, [bn, dn]) = d([an, cul, [bn, dn]) — d(T, [an, cnl)
> Dflay, by) — d(T, [an, cn])

where d(T, [an, ¢,]) is, as usual, the Hausdorff distance between the sets.
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And since

d(T, [an, cn]) < d(an, cn) + d(cn,y 2n) + £(T)

D m
<m+ gﬁ[an, bn] + QBAA—TE[anJ bn]

-

< —flan, bp](1 + 6(n, N))

<

Mlwi

Llan, by

for N > 1—2—[%"—‘ and n large we deduce that

A, B o)) 2 (D = 5 ) llans bl = Zhlombel - ()

for n large enough. Thus, from (*) and (**) we can conclude that the
endpoint of T', 23,11 € [@n,Pp,+1] does not belong to A, 11(N) for
N > I—Q-DBﬂ and n sufficiently large, so d(@s,+1, [an, Pep+1]) < §. This
shows that we can construct a continuous path T from z, € [cn, dn] to
some point in [an, by] such that T' N [ay,, p;] never belongs to A;(N). We
already knew that /(T") < 2B%E[an, by] so we have

UT) _ flap,ba 4T) L (2m)

bbr,dn]  Llbn, dn] £lan, by B N
where 3 > 0 comes from the assumption in the beginning of the section.
Taking N = 12Bm/D and L = 2Bm/j we finish the proof of the claim.
To conclude the proof of Theorem B we shall show that case (2)

leads to a contradiction. For, on one hand we have that

. L
milzn) d(ym.(m), [an, bn)) < Kd(2n, [n, b)) + C < KNE[bn, dp] +C
where in the last inequality we used the previous claim. So we get

m
<BE
N AR

where Ap, — 0if n — +o00 from the assumptions on [b,,d,]. And on the
other hand we have

ien) — pitm)an _ T Ebn, d < 1 ) _ tbnyd]

min T m mw)  mutl
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where w > j,,, Vn according to the hypotheses of case (2). So

mi(zﬂ«) >
Uon,dn] =

—w-1

which contradicts the conclusion of the claim above.

5. The geometry of the fundamental group

In this section we discuss some geometrical features concerning the fun-
damental group of a compact manifold with no conjugate points whose
geodesic flow is expansive. Our purpose is to show that there exists a
strong ressemblance between the fundamental group of such a manifold
and the fundamental group of compact manifolds with negative curva-
ture. The references we shall follow for the preliminaries of geometric
group theory are (3], [8], [9].

Definition 5.1. Given a metric space (X, d) and two points p, ¢ € X,
a geodesic segment joining p to ¢ is an isometry g:[0,d(p, ¢)] — X such
that g(0) = p, 9(d(p,q)) = ¢

(X,d) is said to be a geodesic space if for every pair of points in X
there exists a geodesic segment joining them.

A geodesic triangle with vertices z, y, z is a union of three geodesic
segments joining respectively z to y, vy to z and z to z.

A complete Riemannian manifold is an example of a geodesic space.
Another family of examples of such spaces is provided by the so-called
Cayley graphs of finitely generated groups. Given a finitely generated
group T' and a finite, symmetric set S of generators (i.e., if ¢ € T’ then
ol e ') let Is(7) be the length of 7 € T with respect to S, i.e., the
smallest number of elements of S giving 7 as a product of generators.
We can endow T’ with a metric ds defined by dy(r,0) = ls(t~1o).

Definition 5.2. The Cayley graph of T', G(T, S) is a 1-dimensional simpli-
cal complex such that the endpoints of each interval in the complex are
elements of I" and such that every edge of the complex having endpoints

~, B satisfies ds(v, B) = 1.
We can endow G(I', S) with a metric which gives to each edge the
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standard metric of the interval [0,1]. Every curve can be decomposed
into a disjoint union of segments, each one contained in some edge and
then the length of this curve is the sum of the lengths of these segments.
With this metric the Cayley graph is a geodesic space and there is a
natural embedding of (T', ds) into G(T, S) which is an isometry.

Definition 5.3. A geodesic space (X, d) is said to be é-thin for 6 > 0
if every geodesic triangle enjoys the following property: the distance of
every point of one given side of the triangle is at distance at most § from
the union of the other two sides.

The hyperbolic space is an example of a §-thin space. In general,
Riemannian universal coverings of compact manifolds whose geodesic
flows are Anosov flows are 6-thin spaces.

Definition 5.4. A finitely generated group T is said to be hyperbolic if
there exist a finite set S of symmetric generators and a constant 6y > 0
such that G(I', S) is ép-thin.

Although the number 6y may depend on the choice of S the hy-
perbolicity of I' does not depend on the given set of generators in the
following sense.

Definition 5.5. Two geodesic spaces (X, d), (X', d’) are said to be quasi-
1sometric if there exist maps f: X — X', ¢ X’ — X and constants
v >0, C > 0 such that

i) d(f(2), f(y)) < Md(z,y) +C, Yo,y € X

ii) d(g(z),9(y")) < Md'(z',y) + C, Va',y € X'
iii) d(g(f(z)),z) <C,Vxe X
iv) d(f(g(z")),2") < C, vz’ € X'

Lemma 5.1. Let (X,d), (X',d') be quasi-isometric spaces. Then (X,d)
is 6-thin if and only if (X', d') is &'-thin for a certain &' > 0.

Lemma 5.2. Let T' be a finitely generated group and let S, S’ be two
finite sets of generators. Then G(T',S) and G(T',S") are quasi-isometric.

So the hyperbolicity of a group is well defined up to quasi-isometries.
The fundamental groups of compact manifolds with negative curvature
are well known examples of hyperbolic groups. In general, we have the
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following relation between the geometry of a manifold M and m(M).

Lemma 5.3. Let M be a compact, Riemannian manifold. Then
G(m1(M),S) and M are quasi-isometric for every finite symmetric set
S of generators.

Now we show that the collection of hyperbolic geodesic spaces in-
cludes the Visibility manifolds.

Proposition 5.1. Let N be a simply connected Riemannian manifold with
no conjugate points. Then N is a uniform Visibility manifold if and only
if N is 6-thin for some § > 0.
Proof. Suppose that N is a uniform Visibility manifold and suppose by
contradiction that N is not -thin for any § > 0. Given two points z,
y € N let [z,y] be the geodesic segment joining = and y. Then there
exist sequences Tp, Yn, 2Zn, tn of points in N such that
1) tn € [Zn, Yn]
ii) d(tn, [Yn, 2n] U [2n, Zn]) > 1

This means that d(tn; [yn, zn]) — +o0 and d(tp[zn,Tn]) — +oo if
n — +o0o. Consider the geodesic triangles

Th = [tn, Zn] U [Zn, 2n] U [2n, tn)
Ty, = [tn, Ynl U [Yn; 2n] U [2n, tn]
From the Axiom of Visibility we get that
1) Lin([tn, 20, [tn, 2n]) — 0
ii) Ltn([tn, 2nl; [tn, Ynl) — 0

where £,([p, b, [p, d]) is the angle at p formed by [p, b] and [p, d]. This
implies that

T = Lt ([tn, Tn), [tns Ynl) < Lty ([tns Tnls [Ens 2n]) + Lt ([Ens Ynl, [Ens 2n]) — 0

which shows that NV must be a hyperbolic geodesic space.
Now suppose that N is é-thin for some § > 0. Consider a sequence

of geodesic triangles
T = [Zn, Yn) U [Yn, 2n] U [2n, Tn)

such that d(zy,[Yn,2n]) > mn. Parametrizing the segment [y,,z,] as
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~v:[0,0,] — M with v(0) = yn, we get a point e, = Y(t) € [yn, zn] de-
fined by
t = sup{s € [0, ln], d(7(5), [z, yn]) < 6}.

By the é-thin condition in N this implies that there exist points
€n € [yn, zn] arbitrarily near to e, such that d(€,, [€n, zn]) < 8. Let us
suppose that d(ey,€,) < 6. Let dy, € [z, yn] be such that d(e,,d,) <6
and let g, € [zn, 2] be such that d(e,, ¢,) < §. Then we get

d(dn, qn) < d(dn, €n) + d(€n, 8n) + d(€n, gn) < 36.
So the geodesic triangle
Sn = [Tn, dn] U [dn, gn] U [gn, Tn]

has two sides of length > n — 26, and one side of bounded length < 36.
Since N has no conjugate points we get from lemma 2.2 that the angle
formed by the big sides of S,, at the point x,, goes to zero if n goes to
+o0o which proves that IV satisfies the Axiom of Visibility. [J

Corollary 5.1. Let M be a compact Riemannian manifold with no con-
jugate points. If M isa Visibility manifold, then w1 (M) is a hyperbolic
group.
Proof. The proof is a straightforward consequence of Proposition 5.1
and lemmas 5.1 and 5.3. O

As a consequence of the results of this section and Theorem B we get
that if M is a compact Riemannian manifold with no conjugate points,
the expansivity of the geodesic flow implies that the fundamental group
of the manifold is hyperbolic.
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